The load bearing behavior of an asymmetric spindle shaped Tensairity girder is studied experimentally and compared to finite element analyses. The influence of the air pressure on the stiffness of the structure is investigated for homogeneous distributed load, asymmetric distributed load and a local load at the center of the structure. An overall good correlation between experiments and finite element predictions was found. An analytical model based on two coupled ordinary differential equations is presented and solved for the homogeneous distributed load case. The role of the form of the Tensairity girder on the stiffness is investigated by comparing the load-deflection behavior of the asymmetric spindle shaped girder with a cylindrical shaped girder.
Introduction
Inflatable fabric structures made from plain-woven fabrics combine low weight with compact storage volume, ease to deploy and enhanced damping capabilities. Inflated textile beams (airbeams) can be utilized in a variety of forms to achieve a high level of aesthetics and a free-form design concept and applications ranging from roof structures to inflated airplanes have been demonstrated. In order to understand the load bearing behavior of this unconventional structure, the static response of airbeams under bending loads has been studied [1, 2] . Basically, the airbeam behaves as a thin-walled tube structure for small loads. For higher loads compressive stresses exceed the pretension of the hull and wrinkling has to be taken into account [3] [4] [5] [6] .
Finite elements for predicting the static response of inflated membrane structures were developed [7, 8] as well as a Timoshenko beam finite element to predict the deflection and wrinkling load of airbeams at high internal air pressure [9] .
A major restriction of airbeams is their poor load bearing capacity which drastically limits their application potential. This deficiency can be overcome by the structural concept Tensairity ® , where the airbeam is combined with struts and cables [10] . First applications of Tensairity in the field of civil engineering are roof structures and bridges [11] . In Tensairity, the loads are carried by the struts and the cables while the airbeam stabilizes the system. Thus, minimal cross sections for the compression elements can be used. For example, adding 16 % mass to an airbeam by adding a strut and a cable, the stiffness and ultimate load of the airbeam could be increased through the Tensairity concept by a factor 3 and 4, respectively [12] . Investigations of the static response of spindle shaped Tensairity structures to axial compressive loads revealed their potential as columns without [13] and with internal fabric webs [14] .
Tensairity beams were studied under 3-point bending [15] revealing the influence of the air pressure on the stiffness of the structure. It was shown that the forces in the compression and tension member can be reliably estimated by simple analytical formulas. An analytical model for Tensairity beams without web under homogeneous distributed bending load has been proposed recently for thin compression members [16] . Some first results of the load-deflection behavior of web-Tensairity beams indicate that an analytical model based on beam theory can be applied in this case [12] .
This study is devoted to the investigation of the static response of asymmetric Tensairity spindles to different types of bending loads. The test specimen and the experimental set up are described in section 2. An analytical model based on the theory of beams on elastic foundation is presented in section 3. Finite element models, outlined in section 4, were developed in a commercial finite element code taking into account the textile's orthotropic linear elastic material properties and geometrical non-linearity. Results and discussion are given in section 5 while section 6 summarizes the main observations of this study and indicates possible further research.
Experiments

Design of the Tensairity beam
The research project started with the objective to demonstrate the major features of Tensairity in a single structure to be featured in a TV show [17] . It was decided to build a mobile demonstration bridge for cars with 8 m span. The challenging specifications demanded, that the two girders of the bridge can be easily transported in the trunk of a small car, that they can be quickly assembled as well as carried by two persons and that the car can finally be driven over the bridge [18] . An asymmetric spindle design was chosen for the girders in order to have a horizontal bridge deck. Aluminum profiles composed of five pieces of equal length of 1.6 m were used for the straight compression element, while steel cables were applied for the tension elements minimizing weight, transport volume and set up time. A test of the Tensairity demonstration bridge is shown in Fig. 1 and a dismantled Tensairity girder of the bridge can be seen in Fig. 2 . The weight of a single girder was 68 kg, with 15 kg for the fabric hull, 42 kg for the compression element, 8 kg for the cables and 3 kg for the bolts. Thus, a girder could be carried by two persons. The two girders fitted well in the trunk of the car and were assembled in less than 30 minutes. The load bearing capacity of each girder was initially tested with a concrete block of 860 kg [18] . After the show, the load bearing behavior of the girder was tested in detail in our laboratory. To this end, the segmented aluminum compression elements were replaced by a single steel compression element while the original hull and cables of the test bridge were used. Geometry and dimensions of the girder are shown in Fig. 3 . The straight compression member is a rectangular, hollow steel section of 120 mm x 40 mm x 3 mm. It is placed in a fabric pocket fixed along the top of the membrane within which it is held by friction due to air pressure in the hull. The fabric hull defines the shape of the girder. It has an inclined circular cross section of diameters changing between 150 mm at the ends and 600 mm at the centre line. 
Test rig
A dedicated test rig was set up at Empa for the experimental investigations of the load bearing behavior of the Tensairity girder (Fig. 4) . Different load cases were considered: local load at the centre of the girder, homogeneous distributed load and asymmetric distributed load. The local load was applied by a force controlled winch, while two hydraulic pistons instrumented with load cells and a whippletree system with two balance layers and a system of four rollers transferring the force to the compression member was used to generate distributed loads as shown in Fig. 5 [20] . Only one actuator was used to generate the asymmetric The signals of all measurement devices were collected by a data acquisition system and processed to provide the loading information and resulting forces together with the measured displacements. Given the experimental set up with the whippletree system, the load was applied by pulling the structure against the direction of gravity and the Tensairity beam was placed into the test rig upside down. The beam was supported in the centre during inflation, then the cables were tensioned and the support removed before the loading started. Typically the load was applied in four steps until maximum load and was kept constant for 5 minutes for each load step to allow the structure to settle.
Analytical Model
In order to develop an analytical model for the Tensairity spindle, the system needs to be simplified in various ways. The basic idea of the model is to consider the inflated hull as an elastic foundation with an air pressure dependent modulus [14] which couples the compression with tension elements [16, 20] . Since only homogeneous distributed loads are considered in the model, it can be assumed that the horizontal force component along the cable and the compression element is constant and of equal magnitude. The short cables can be neglected for the homogeneous distributed load. It is assumed, that the long cables lie in the symmetry plane with the compression element and have a parabolic shape given by the contour of the hull. This way the three dimensional structure of the girder is reduced to a two dimensional problem. 
where EI is the bending stiffness of the compression element, q the homogenous distributed load, H the horizontal force component and w 1 and w 2 the vertical displacement of the compression element and tension element, respectively. The modulus of the elastic foundation is given by
, where the factor 2 stems from the fact that the cable is the reference point and not the center line of the spindle as it was the case in the analytical model for the axial compression of Tensairity girders [13] . The cable z 2 is approximated to have a parabolic shape given by
where f is the diameter of the spindle at midspan and l half of the span of the girder.
Solving Eq. (1) 
and with Eq. (4) to 
The last parameter to be determined is H. Assuming that the increase of the cable length due to the deformation matches the elastic elongation due to the cable force, one obtains [16] 
where the length reduction of the compression element has been neglected due to the much higher cross sectional area compared to the cables. The parameter
is the initial cable length and E 2 A 2 is the stiffness of the cables. The integral is calculated to 
The horizontal force is obtained by numerically solving Eq. (13) . Given H, the four coefficients and thus the displacements w 1 and w 2 are given.
Further simplifications can be made for the Tensairity girder at hand. It can be shown, that (15) that is, the last two terms of the right hand side of Eq. (4) are very small for the given system and can thus be neglected. Furthermore, by approximating the displacement of the cable by a parabola (16) and with the horizontal force approximated by [10] 
one obtains with Eq. (13) The displacement w 1 and w 2 under a homogeneous distributed total load of 6 kN and an air pressure of 20 kPa is shown in Fig. 7 . The linear solution (Eqs. (16), (18) and (19)) underestimates the displacement of the full solution (Eqs. (7) and (8)) which can also be seen in the load-displacement behavior at midspan for an air pressure of 20 kPa (Fig. 8) , where the non-linear behavior of the full solution can be seen. The linear solution might only be seen as a rough estimate in the present case. 
which will give an estimate of the maximal applicable load. 
Finite Element Model
The finite element modeling was carried out in ABAQUS/Explicit version 6.9. For the compression member 4-noded shell elements with reduced integration (S4R) were used, while 4-noded membrane elements with reduced integration (M3D4R) and 3-noded membrane elements (M3D3) were used for the membrane. The cables are modeled with 2-noded linear truss elements (T3D2). The structure is constrained with simple supports on the beam ends undersides. The membrane is tied to the beam. Other movements are restricted by contact formulations. The FEM model of the Tensairity girder is shown in Fig. 9 . Contact was calculated by a penalty algorithm preventing vertical penetration of the parts but allowing for separation and sliding with friction in tangential directions. The first contact zone was defined between the compression member and the membrane pocket, where the friction parameter was set to 0.05 during inflation and to 0.1 after inflation. The second contact zone was defined between the cables and the membrane. Inflation was considered to be frictionless, while the friction parameter was set to 0.5 during loading. A low numerical damping was used to suppress vibrations of the structure.
Homogeneous and asymmetric distributed loads were applied to the compression element by 32 and 16 equal point loads as given by the experimental set up of Fig. 5 , respectively, where each of the rollers is modeled as one point load. The actual position of the cables in contact with the hull was determined by FEM.
A starting configuration of the cables was defined by a series of straight lines not in touch with the hull that follows approximately the expected path. An artificial temperature load was then applied to the cables that shrinks them to their actual length and forces them into the correct position in contact with the membrane.
The loading of the structure in the FEM analysis was done in three steps: (1) inflation of the hull and temperature loading of the cables to determine the initial configuration, (2) gravity loading and (3) external loading.
Results and Discussion
Validation of the FE-Model
To investigate the convergence behavior of the FEM analysis, calculations with different levels of discretization were performed. The stiffness of the beam for different air pressure values is shown in Fig. 10 .
It can be seen that the results are well converged for 18820 nodes which will be used in subsequent calculations. Further convergence tests have shown that the numerical results converge well when the loads for each step are applied smoothly within one second.
The cable prestress is applied in the FEA by the cooling temperature as described above. This cooling temperature is not a physical parameter and its influence needs to be investigated. The loaddisplacement behavior for different cable lengths due to different cooling temperatures is shown in Fig. 11 for homogenous loading and an air pressure of 20 kPa. The standard FEA configuration with a cable length of 8070.5 mm / 3718.2 mm (long/short) is compared to a configuration with a slightly reduced cable length by -11.1 mm / -7.7 mm (long/short) in prestress 1 and with a slightly increased cable length by + 10.8 mm / +7.7 mm (long/short) in prestress 2. Different cable lengths lead essentially to a parallel shift of the curve in the displacement direction while the slope can be considered as independent. The same behavior was found for other air pressure values. 
Homogeneous distributed load
The design of the asymmetric spindle shaped Tensairity girder is well adapted to homogeneous distributed loads. The displacement along the length of the compression element for an air pressure of 20 kPa and a total applied load of 11 kN is shown in Fig. 12 . The FEM results show slightly smaller deflections at the center part of the girder compared to the experimental data but overall, FEA and experiment correspond well. The corresponding load-displacement curves at midspan of the compression element are given in Fig.   13 for the two air pressure values 20 kPa and 40 kPa. The stiffness increases for the initial loads due to the experimental arrangement, where the applied load acts against gravity. The first load steps are used to compensate the weight of the girder, before a rather linear behavior denotes the stiffness of the Tensairity structure. The FEM predictions for the loading match well with the experimental results for both pressure values. For the experimental results, both loading and unloading are shown. A hysteretic behavior was found which has been reported earlier for local loads [15] and seems to be typical for Tensairity girders. 
Central local load
The displacement of the compression element along the span for a local load of 6 kN at midspan and an air pressure of 20 kPa is shown in Fig. 15 . Both experimental and FEM results are given. The load-displacement behavior at midspan (Fig. 16 ) reveals a good match between the numerical and experimental data especially for loads above 4 kN. The experimental and FEM slopes (Fig. 17) correspond well for all four air pressure values investigated. At 20 kPa, the experimental slope is 0.040 kN/mm. In the case of a homogeneous distributed load, the corresponding slope is 0.055 kN/mm and the ratio between the slope of the local load and the homogenous load is 0.727. At 40 kPa, this ratio is 0.598. For girders with constant cross section, beam theory predicts a ratio of 0.625 which is in the same range. 
Asymmetric distributed load
The displacement along the span for an asymmetric distributed load of total 6 kN on the left half of the girder is shown in Fig. 18 The load-displacement response at midspan as given in Fig. 19 reveals that FEM predicts a stiffer structure in this load case. This is also reflected in 
Cable tension
The cable load can be estimated by assuming that the maximal bending moment is compensated by the moment due to the cable tensioning and the distance to the compression element. The ratio of the load of the two long cables to the total applied load is determined by the slenderness and given as γ/8 for the homogeneous distributed load and γ/4 for the symmetric local load [15] with γ = 13.3. For asymmetric distributed load, the maximal moment is given at
and one obtains for the ratio of the cable force to the applied load γ/7. A linear relation was found between the cable force and the applied load mainly independent of the air pressure in all load cases confirming the results of a previous study with a symmetric spindle shaped Tensairity girder under local load [15] .
The ratio of the cable load to the applied load is summarized in Tab. 1 for the long and the short cables. The experimental values for the short cables on the side where the asymmetric load is applied are given. The tension of the short cables is small for the local load and for the homogeneous distributed load. In the case of the asymmetric distributed load, the tension in the short cables underneath the load reaches about 14% of the force in the long cables while the value of the unloaded side is 0.006 and thus negligible. Indeed, the short cables were introduced in order to accommodate the asymmetric loads when the front wheels of the car are moving on the deck of the demonstration bridge. A reasonable match is found between experiment and the analytical estimate for the long cables in all three load cases. Table 1 Ratio of cable force over total load for the long and short cables.
Spindle versus cylinder
The first built Tensairity girders had a cylindrical shape. The cylindrical shape has some advantages as the hull is easy to design and fabricate. On the other hand, the spindle shape leads to a more attractive design, significantly less fabric material is used and a simpler design when positive and negative loads need to be carried [15] . Furthermore, based on numerical studies it was concluded that the spindle shape leads to a stiffer structure [21] . In order to verify this aspect experimentally, a cylindrical shaped Tensairity girder with a constant diameter of 0.6 m was built and tested. The same compression element as for the asymmetric spindle girder was used and the cable configuration was identical while the length of the all cables had to be The load-displacement curve at midspan for a homogeneous load at 20 kPa air pressure is shown for the cylinder and the spindle in Fig. 21 . The cylinder clearly shows a softer behavior. A good correlation between experimental and FEM results is found for the cylinder, too. The slope for the spindle and the cylinder for all three load cases are given in Fig. 22 for an air pressure of 20 kPa. 
Conclusions
The load bearing behavior of an asymmetric spindle shaped Tensairity girder with 8 m span was The tested girders were built for a car bridge to demonstrate the outstanding properties of Tensairity such as compact transport volume, fast set up, light weight and high load bearing capacity. The current study shows that reliable predictions of the structural behavior of Tensairity girders can be obtained with numerical and analytical methods fostering the design of civil engineering applications such as roof structures and bridges.
